ABSTRACT Finite element analysis of sandwich and laminated composite structures with viscoelastic layers is performed. The present implementation gives the possibility to preserve the frequency dependence for the storage and loss moduli of viscoelastic materials exactly. Moreover, the storage and loss moduli in this case are defined directly in the frequency domain by an experimental technique for each material and can be used after curve fitting procedure in the numerical analysis. Damping characteristics of viscoelastic composite structures are evaluated by the energy method, the method of complex eigenvalues, from the resonant peaks of the frequency response function and using the steady state vibrations. Numerical examples are given to demonstrate the validity and application of the approaches developed for the free vibration, frequency and transient response analyses.
INTRODUCTION
Vibration damping is an essential dynamic parameter for systems that can exhibit significant structural dynamic response. Among these systems a considerable part is lightweight sandwich and laminated composite structures widely applied in aeronautical, ship and automotive industries. Due to increasing application of high damped and lightweight structures, significant progress has been recently achieved in the dynamic analysis of such structures [1] [2] [3] . However, majority analyses use a complex frequency-independent dynamic modulus to describe the rheological behaviour of viscoelastic materials [4] [5] [6] . But from engineering practice [7] it is widely known, that the storage and loss moduli of real viscoelastic materials are strongly dependent from the frequency and temperature. This dependence is especially significant for elastomers and polymers, such as those used in sandwich and laminated composites.
To ensure design adequacy, the present implementation gives the possibility using the complex modulus model to preserve the frequency dependence for the storage and loss moduli of viscoelastic materials exactly and to carry out the finite element modelling and analysis in the time and frequency domains.
VISCOELASTIC DAMPING MODEL
To describe the rheological behaviour of viscoelastic materials, the complex modulus representation [7] is used. Using this model, the constitutive relations will be expressed in the frequency domain as follows: s and e are an amplitude of the harmonically time-dependent stress and strain respectively, ( is the complex modulus of elasticity, ( ( ¦ ¦ are the real and imaginary parts of the complex modulus of elasticity, h is a loss factor and is a frequency. It is necessary to note that the storage and loss moduli in this case are defined in the frequency domain by an experimental technique for each material and can be used directly in the numerical analysis after application of the curve fitting procedure. In the case, when the storage and loss moduli are constant values we have to deal with so called the hysteretic damping model.
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FINITE ELEMENT MODELS
In the present investigation the finite element method has been used. Finite element modelling is based on the first-order shear deformation theory including rotation around the normal. In this case the widely known expressions of displacements have the following form:
are the displacements in a reference plane, ] is the coordinate of the point of interest from a reference plane,
are the rotations connected with the transverse shear deformations.
Sandwich Finite Element Model
For sandwich composites this hypothesis is applied separately for each layer (Fig. 1 ). This case corresponds to the broken line model [8] and satisfies to the following displacement continuity conditions between the layers
where in the brackets, the numbers of layers are presented.
Laminated Composite Finite Element Model
At the same time for laminated composite models this hypothesis is used already for the entire laminate (Fig. 2) . In this case transverse shear stiffness is obtained by using the shear correction factors is the material loss factor and w is a frequency. In the present paper three methods are used in order to calculate the modal loss factors of a structure: the method of complex eigenvalues, the energy method and the method evaluating the modal loss factors from the frequency response. Additionally the damping properties of structures under loads applied are estimated by the transient response analysis using the steady state vibrations.
Method of Complex Eigenvalues
Damped eigenfrequencies and corresponding loss factors in this case are determined from the free vibration analysis of a structure:
is the complex eigenfrequency. The real part w represents the damped eigenfrequency of a structure and the imaginary part w ¦ ¦ specifies the rate of decay of the dynamic process. This equation can be written as the non-linear generalised eigenvalue problem ; 0 ; . l w = where w l = is the complex eigenvalue and
; is the complex eigenvector.
A solution of the non-linear generalised eigenvalue problem starts with a constant frequency ( FRQVW = w ). Then at each step the linear generalised eigenvalue problem with FRQVW = w .
is solved by the Lanczos method [10] , which is programmed in a truncated version, where the generalised eigenvalue problem is transformed into a standard eigenvalue problem with a reduced order symmetric tridiagonal matrix. Orthogonal projection operations are employed with greater economy and elegance using elementary reflection matrices. The iteration process terminates, when the following condition is satisfied
where x is a desired precision and L+ w is the real part of eigenfrequency of a structure calculated from the linear generalised eigenvalue problem with the storage and loss moduli for the frequency L w , which was obtained from the same equation in the previous step. The modal loss factors of a structure for each vibration mode are determined by the following relation
This approach gives the possibility to preserve an exact mathematical formulation for the damping model examined and to calculate structures with high damping.
Energy Method
In the energy method it is assumed, that for structures with slight damping, the dynamic characteristics can be calculated by the equation of natural vibrations of the corresponding undamped structure. In this case the eigenvalues w l = and This non-linear problem is solved like in the previous method, but at each step the subspace iteration algorithm [11] is used. Then the modal loss factors are calculated by the following relation
It should be noted that this method gives the possibility to preserve the frequency dependence only for the storage moduli and can be used only in the case of structures with slight damping.
Frequency Response Analysis
In the case of harmonic vibrations 
where w is the frequency for which the response of a structure is calculated,
; is the complex amplitude of displacements and ) is the amplitude of applied force. The system of complex linear equations is solved by the Gauss algorithm [11] for each frequency. Dynamic characteristics of a structure (eigenfrequencies and corresponding loss factors) can be easily obtained from the frequency response (Fig. 3) . The eigenfrequencies p w
of a structure present the points of the real part of the response spectrum, where the amplitude of the displacements is zero, but the corresponding loss factors can be determined by analysing the resonant peaks at frequencies w wmust be recalculated, decomposed and stored at each of the numerous frequency steps. On this reason for structures modelled by a great number of degrees of freedom and in the case of a great number of desired dynamic characteristics to be calculated, it is more efficient to use the results of the free vibration analysis. The frequency response analysis may be successfully applied in the case, when it is necessary to determine a small number of desired dynamic characteristics, or when the eigenfrequency of the undamped structure is already known and only it recalculation and determination of the corresponding loss factor for the damped structure is necessary. This approach also gives the possibility to preserve an exact mathematical formulation for the damping model examined and to calculate structures with high damping.
Transient Response Analysis
The transient response of a structure described above cannot be obtained effectively applying direct integration methods or modal superposition method, because in this case it is not possible to determine a variation of the material properties ( w with respect to time. The time domain behaviour of a structure may be obtained from the frequency domain response by the Fourier transform technique.
The method proposed is based on the assumption that any complex input signal can be interpolated by trigonometric polynomials. It is more convenient for this purpose to use the Fourier transform to find the frequency spectra of excitation
where N W is a set of discrete times for the excitation W ) and for the response W ; , M w is a set of discrete frequencies for the frequency spectra of excitation w ) and for the frequency response w ;
. The response of a structure for each trigonometric component is calculated ex- Numerical realisation of the Fourier transform is performed by the routine [12] using a variant of the fast Fourier transform algorithm known as the Stockham self-sorting algorithm, which takes advantage of the cyclic repetition of the complex exponentials in the discrete Fourier transform and drastically reduces the number of calculations required. Before using the program, several calibration functions [13] , having theoretically exact Fourier transforms, were used to develop a confidence in the results. To produce equivalence between the continuous and discrete transforms and working in the real-world time and frequency domains, < < w W , the scale factors have been changed. Then the discrete Fourier transform pair for a separate sequence can be written in the following form:
where N is a number of samples, a and a are the scale factors and in the general case of loading:
Obviously, an accuracy of the discrete Fourier transform depends on the number of samples N and the sampling interval W D . The choice of w D and N depends on the frequency response shape, the accuracy needed and the computing capacity available. The frequency interval w D for the inverse transform must be reciprocal of the total time record length and equals to
It is necessary to note that the value of function at a discontinuity must be defined as the midvalue if the inverse Fourier transform is to hold. Moreover, using discrete Fourier transform, it is necessary to remember that it is based on the assumption about periodicity of the load applied. For periodic functions with known periods, it is necessary to choose W 1D interval equal to a period or integer multiple of a period. For those cases, where the period of a periodic function is not known, the concept of a data-weighting function or data window must be employed. For the non-periodical loads, the period of load can be expanded by addition of long interval for a zero loading.
To characterise the transient response, the value of maximum displacement in a time of load action and logarithmic decrement showing the velocity of vibration fading are taken into consideration. The value of logarithmic decrement is introduced as: ; + are the amplitudes of n and n+N cycles respectively, and N is an arbitrary integer. It is necessary to note, that logarithmic decrements are calculated from the steady state vibrations.
NUMERICAL EXAMPLES
To demonstrate an application of the approaches described above, the free vibration, frequency and transient response analyses have been carried out for a sandwich beam with a frequency-dependent viscoelastic core.
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Sandwich Beam
The beam with width b=0.05 m, length L=1 m and thickness of layers h 1 =0.007 m, h 2 =0.002 m, h 3 =0.001 m is examined (Fig. 4) . The clamped boundary conditions are applied from one side of the beam. The external layers are aluminum and have the following properties: ( =71 GPa, n=0.32, r=2800·Ns2/m4. The damping material C-1002 (EAR Corporation) with n=0.49 and r=1300·Ns 2 /m 4 is chosen from the literature [7] to simulate the sandwich core. The expressions (Fig. 5) 
The sandwich cantilever is modelled and analysed by the finite element method. To achieve an acceptable accuracy, the sandwich beam was discretised by 4 sandwich finite elements.
Free Vibration Analysis
The dynamic characteristics, obtained from the free vibration analysis by the method of complex eigenvalues and the energy method, are given in Table 1 . The algorithms used for the solution of non-linear generalised eigenvalue problem have very high convergence for the calculated eigenfrequencies. So, to determine two first eigenfrequencies with the very high precision = x in the method of complex eigenvalues, only four iterations have been used and for the third eigenfrequency -three iterations (Fig. 6 ). In this case calculations start with the matrices, where the storage and loss moduli were determined for the frequency 100 Hz. 
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Frequency Response Analysis
The excitation and response measurement points are located at the end of the beam (Fig. 4) . . The dynamic characteristics determined by the frequency response analysis are given also in Table 1 . A good agreement between the results obtained by different methods is observed.
Transient Response Analysis
The excitation point is located at the centre of the beam and the response measurement pointat the end of the beam (Fig. 4) . The triangular shape impulse (Fig. 8) rad/s. It can be seen from the results presented that the noncausal effect is absent that is very important for the transient response of structures made from viscoelastic materials. The major source of noncausality -the approximate mathematical modelling of material damping properties is successfully overcome by using an exact mathematical representation not only for the loss moduli, but also for the storage moduli in the present implementation. Material data in this case are taken from the frequency domain that is why the data from experiments are used directly in the finite element analysis after curve fitting procedure. Damping properties of sandwich and laminated composite structures are evaluated by the energy method, the method of complex eigenvalues and using the resonant peaks of the frequency response function, and the steady state vibrations. Numerical results demonstrate a validity of the present implementation.
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